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' 3Craw
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"
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He looks with the eyes, =

hears with the ears, and
understands like the walls



Dualvectwspuees
Every vector space gives rise to 'another

1 ,

-0 so called
"

dUe
We will see that many familiar stuff
arise as this way

over IF

0efi.itLet V be a vector space? Then and
is niihwmup
8F

i.) The vector space of ab=Lcv,# ) := ✓*

is called the pk of '✓



ex
) it V: Mn UF) have tr :Mn4F)→ IF € Mnl#A

• Cai;) to Eaii

in V= F- It] have evacfct)) : = fla)

iii) V. EMF ) have S!fMdt

(or
,
more generally fix ge EYE

) and.de/me)(--ETtft1dt
spaces

Rmd : When we study -Ét we will see
"morally

" where these came from



Impwtantexample
Deli Let U be vatw space ◦ =/ ve V. Define the
¥1K ,

dénoted : ✓→ IF

look at*=onext pose else

•tnf , suppose now V is fd and let
D= Cv

.
-
.

Vn) be a basis for V.

Then have lost of vectors fÉÉ) in
Rink!Thcsevwtwsvi*EV*anaetuaHylmew#



( 6mm basis v.
_
. vn for V. Define the

following map

V.•
* (V;) = { I i=j

0 else

V :* :* → IF is linear !
]

v.
* ( Uj) = { I 5- I

0 else

VE (Uj) = ( I 5=2
0 else

:

i



Third: In the setup above the vectors EH
am a basis for
(we call this the d_É )

( Rmd: We know dim (214*7) = dmlvld.in#=domV)So we just have to check these vectors

either -1¥ or are Mutters .

Pf) We'll prove IV.*
, .

,
VF ) are LI.

With
0 = Grit + . - + CnVn* for C. . Cn E#

Plugin the
_

vector Igt
o = C.v.

☒Cult Civitan It -
- tcnvi#4)

0 = Ci



Now repeat for all vi. to get that

C) = Civ;
☒
Cui )=Ci

That is 4=4 : - - = Cn=O

ex) it VIR
} D= Cei

,eyes]

Compute e,
# (E) :=e¥(

"(É) +4%+4:)) :#Tae

.lt#bed+e7*ces1:ae.*ceitbe.*e.i?c*ei--aea*LE1=bes*(!)--c
in V-alE.it] D= ci¥¥jÉi )

↳mph f,
# (aota.ti-a.ty-fkaofoltfi-ca.fi/tfo*lA-k)=aofiACaota.t+ait4--a .

fitcaotaittaet)=a,



↑' Yu in} in

iiiv-M.HR) 3=11%1,1%1,1%1,1 :))
Compute

m*(% / = a
Mit (% 1=6

mica !/ =c

mic : :/ =D

ex) tr : ! -0112 is an element of V*

tr = MY + my
#

tri ::) : ai-dsmi-CE.lt MIC :)



te"doubkd_
Det : V vector

space
than the double is ( ( v** )

"

Rm Wu knw that ✓ = # ≈ V** LIVY # )
so we already know that F≈_V☒*
However ! There's a

"
more natural " isomorphism .

Def : Let v.v .
Then define (¥¥É¥ ("evaluation atu " )

by
e (f) : = for f- c- (f :v→F )

this defines a function V V_**
( Eaker

, )v -o



They ' .

If V is fd the map § :V→V¥ is an isomorphism

☒
We first prove ⑤ is linear .

⑤ cvtw) =

www.thmnute/fwfc-V*eVu+wCf-)-=f(v+w)--fCu1tffw)--evulf7+evwlf)

so for all felt
,
evutw (f) = evulfltevwlf )

=) ⑤ lvtw) = Ecu) + Ecw)

Also not that ⑧Ccu) = eva and for fell#

eve, (f) = f- (a) = cflu) = cell (f)

Now we show OI is an isomorphism .
Smu dmV=dmV**



we only need to show that OI is injective .

(by rank- nullity thm )

Lanny ! If v40 than Ff EV# such that fan -40
.( Pf) It v40 then we can extend it to a basis

for V. Then the dual basis vector

v* is a linear functional St * v7 -400
✓
We want to show that if v40 then ⑧Cuter. -40
It ev, = 0 then V-fEV* evu (f) =0

"

flu)
ev, =0 ⇔ fat =0 V-fc-vtt.by the lemma
this can't happen if v40 .



Pet: let T :v→w be a lmcw
map

✓ %
and let c- W_* *

Then we get a new drew mup IT : -V -It
called the of T defined by

_t*9)=YoT for 9ew*
1-* :w* →v*

.Rmk_
'

. It dm Vin ,
dim W=m we can identity 1- IT] c- M⇔ (F)

Then this new map [ -1*8 c- Mean( hmmm---



ex) V. 112.2Gt] D; Ito , fyfe ) :( tht)

W - Min / IR) Bw :(mi ,mi , Ms ,my )

T : v-swlytla.tn#+a.k-Y-.(aoai-ac )are 0

it compute CT}%
•

1- ( fo) = ( to ) = Mi
• TCH = ( g) =m,

→ It]
:÷

• 1- (tu) : ( 0
,

_ '

◦ ) = - Mit m3



ii) Compute t.gg?u*
◦

1-*(MT ) : mitot

1-*cnn.tt) (a. ta.tt ait
' )

= MIA •TLQota.tt ait't

= Mia (ao ai - ai ) = GoAz 0
"We know that

1-☒Cm ,
* ) = ↳ f.

* 1- Cµf☒ +
*

I = 1-*Cm,*) ( l) = Co

-0 ☐ 1-* cm,

* Ict ) = c , =oTYMf
0 = 1-☒ CME) (t ) = Cu



Again now compute 1-*1m¥) = coff + c. f? +aft

→ 1-
☒CMA)(aota.tt art)=m¥(%

,

"%)
¥* = a. - an

0⇒*CME) ( At ) = Co

\ = 1-* IMEC# = C
, =>tKm¥)=ff-f

- I at* IMF)(f.) a Cr

1-*CME) (aotaitta.li)=ms*(a•
a-%) = areanndC*Gzst*É=
C. fit+ c. f.*+ af#



0 = 1-*CME ) Hol :(◦

0 = +* (ME ) Its) = Ci→TKm)=
I = 1-* (ME ) Hr) = Ca

T*CMy*) (aota.tt art% My* (Aa: A%) = °
Talmy#)i off + Of☒ + off

1-* : w
*
→✓
*

[t*I•¥=(;: •→a-

v5 w
tis
it



ii.

iii) what is [ T.gg

in Anything you notice ? ?

[1-* I = IT]
"



thrm : V, W finite dm with basis Du :(v. - - un )

Dw :(w. - - Wm )
of

an [ T%* - ( [ TIE )±
Pt)8r#



A↑P¥¥?-Let wev subspace . Oefnc w°=8ñ=Y%≤V*
and call it the anW of W

HWI 1) It vis fil show dmw" dmv - dmw

(hiint.cl#asos)ii)Hlseuniversal property of quotient to show that

(V /W)
*
≈ Wo



Prof: lot Ywtd and Tir-ow knew
.

then

dm ( imit) ) : dom ( im lT*) )
-

Pt) Fskrpped in Class
.
Proven below now.]

We claim that int
#
≤ Ckerti

Indeed let 8am#
,
that is 8=95 for some 9.c-w* .

We want to show that 847=0 the Kat
.

Let vekwlt)
,

Then 801=9 Ctv)) = 9107=0 I
thus we have "

dmlmt )±dmKkwt3°)
*wdmv - dinlkert)
razk-nuwhdmc.int)

.



Now we can do the same thing to show

that dm ( in#F) ≤ dmlim# )
However T** is really just T under the isomorphism
OI: vv** . So dmlintl-dml.int#)cdmCimT*)

this dam tint) = dm CimF) ☒

Ce : For a matrix A rA = aA

Pf) Special case of Ti #
"

-015M
.
Then we saw

1-* is just the transfuse oft . So

row rank : dm fool CT)*)
= dam ( int

# )



= dm t.int) = dm Got IT)) = lol rank


